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Graphs of Polar Equations

Obijectives
€ Use point plotting to graph
polar equations.
@) Use symmetry to graph polar
equations.
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Figure 6.31 A polar coordinate grid

o Use point plotting to graph
polar equations.

he America’s Cup is the supreme event in ocean
sailing. Competition is fierce and the costs are huge.
Competitors look to mathematics to provide the
critical innovation that can make the difference
between winning and losing. In this section’s
exercise set, you will see how graphs of polar
equations play a role in sailing faster using
mathematics.

Using Polar Grids to Graph
Polar Equations

Recall that a polar equation is an
equation whose variables are r and
6. The graph of a polar equation is
the set of all points whose polar
coordinates satisfy the equation. We
use polar grids like the one shown in
Figure 6.31 to graph polar equations.
The grid consists of circles with
centers at the pole. This polar grid
shows five such circles. A polar grid also
shows lines passing through the pole. In
this grid, each line represents an angle for
which we know the exact values of the trigonometric functions.
Many polar coordinate grids show more circles and more lines through the
pole than in Figure 6.31. See if your campus bookstore has paper with polar grids
and use the polar graph paper throughout this section.

Graphing a Polar Equation by Point Plotting

One method for graphing a polar equation such as r = 4 cos 6 is the point-plotting
method. First, we make a table of values that satisfy the equation. Next, we plot
these ordered pairs as points in the polar coordinate system. Finally, we connect the
points with a smooth curve. This often gives us a picture of all ordered pairs (7, 6)
that satisfy the equation.

Graphing an Equation Using the Point-Plotting Method

Graph the polar equation r = 4 cos 6 with 6 in radians.
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Solution We construct a partial table of coordinates for r = 4 cos 6 using multiples

™ . . . .
of PE Then we plot the points and join them with a smooth curve, as shown in
Figure 6.32.
0 r=4cos 0 (r,0)
0 |4cos0=4-1=4 (4,0)
™ ™ 3
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Figure 6.32 The graph of r = 4 cos Values of r repeat. ®

Technology

A graphing utility can be used to
obtain the graph of a polar equation.
Use the polar mode with angle mea-
sure in radians. You must enter the
minimum and maximum values for 0
and an increment setting for 6, called
0 step. 0 step determines the number
of points that the graphing utility will
plot. Make 6 step relatively small so
that a significant number of points
are plotted.

Shown is the graph of
r=4cosf in a [-7.5,75,1] by
[—5,5, 1] viewing rectangle with

6 min = 0

6 max = 27

0 step

A square setting was used.

The graph of r = 4 cos 6 in Figure 6.32 looks like a circle of radius 2 whose

center is at the point (x, y)

r =4cos6
2 = 4rcos 6
x? + y? = 4x

Z—4x+y*=0
Z—dx+4+y* =4

x =22+ =2
( y

This last equation is the standard

(x = h)’ + (y

and the center is at (h, k) = (2,0).

= (2,0). We can verify this observation by changing the
polar equation to a rectangular equation.

This is the given polar equation.
Multiply both sides by r.

Convert to rectangular coordinates:
2 =x%+ y?and rcos = x.

Subtract 4x from both sides.

-2
4. Add 4 to both sides.

Complete the square on x: 3(—4) =
and (—2)2 =

Factor.

form of the equation of a circle,

— k)? = r%, with radius r and center at (A, k). Thus, the radius is 2

In general, circles have simpler equations in polar form than in rectangular form.

Circles in Polar Coordinates
The graphs of

r = acos 6 and r = asin 6
are circles.
r = acos 6 and
s
2
T 0
1
1
——




Section 6.4 Graphs of Polar Equations 677

@ Check Point | Graph the equation r = 4 sin 6 with 6 in radians. Use multiples

Use symmetry to graph
polar equations.

w . .
of 5 from O to 7 to generate coordinates for points (r, 9).

Graphing a Polar Equation Using Symmetry

If the graph of a polar equation exhibits symmetry, you may be able to graph it more

quickly. Three types of symmetry can be helpful.

Tests for Symmetry in Polar Coordinates

Symmetry with Respect to the
Polar Axis (x-Axis)

SIE}

(r.9)

T \\;\ﬁO 0

r20)

37

2

Replace 6 with —6. If an equivalent
equation results, the graph is
symmetric with respect to the polar
axis.

Symmetry with Respect to the
Line 6 = % (y-Axis)

1B}

w
3

Replace (r, 6) with (—r, —6). If an
equivalent equation results, the graph

q % e T
is symmetric with respect to § = 5

Symmetry with Respect to the
Pole (Origin)

SIE}

Replace r with —r. If an
equivalent equation results, the
graph is symmetric with respect
to the pole.

If a polar equation passes a symmetry test, then its graph exhibits that symmetry.
By contrast, if a polar equation fails a symmetry test, then its graph may or may not have
that kind of symmetry. Thus, the graph of a polar equation may have a symmetry even if
it fails a test for that particular symmetry. Nevertheless, the symmetry tests are useful. If
we detect symmetry, we can obtain a graph of the equation by plotting fewer points.

Graphing a Polar Equation Using Symmetry

Check for symmetry and then graph the polar equation:

r=1— cosé.

Solution We apply each of the tests for symmetry.

Polar Axis:

r=1— cos(—0)
r=1-—cosf

Replace 6 with —finr = 1 — cos 6:

Replace 0 with =0 inr =1 — cos 6.

The cosine function is even: cos (—6) = cos 6.

Because the polar equation does not change when 6 is replaced with —#6, the graph
is symmetric with respect to the polar axis.

The Line 0 = %:

—r =1 — cos(—6)
—r =1 —cos#f
r=cosf —1

cos(—0) = cos 6.

Replace (r, 0) with (—r, —0)inr = 1 — cos 6:
Replace rwith —r and 0 with =0 inr = 1 — cos 0.

Multiply both sides by —1.
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Figure 6.33(a) Graphing
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Figure 6.33(b) A complete graph
ofr =1 — cos6

Because the polar equation r = 1 — cos 6 changes to r = cos § — 1 when (r, 0) is
replaced with (—r, —0), the equation fails this symmetry test. The graph may or may

not be symmetric with respect to the line § = o

The Pole: Replace r with —rinr = 1 — cos 6:

—r=1—cos@ Replace rwith —rinr =1 — cos 6.

r=cosf —1 Multiply both sides by —1.

Because the polar equation r = 1 — cos 6 changes to r = cos§ — 1 when r is
replaced with —r, the equation fails this symmetry test. The graph may or may not
be symmetric with respect to the pole.

Now we are ready to graph r = 1 — cos 6. Because the period of the cosine
function is 277, we need not consider values of 6 beyond 2. Recall that we discov-
ered the graph of the equation r = 1 — cos 6 has symmetry with respect to the
polar axis. Because the graph has this symmetry, we can obtain a complete graph
by plotting fewer points. Let’s start by finding the values of r for values of 6 from

0 to .
0 0 ™ K ™ 2w S T
6 |3 ]2]3 | 6
lr [o]o3]os| 1] 15187 ]2 |

The values for r and 6 are shown in the table. These values can be obtained using

your calculator or possibly with the |TABLE| feature on some graphing calculators.
The points in the table are plotted in Figure 6.33(a). Examine the graph. Keep in mind
that the graph must be symmetric with respect to the polar axis. Thus, if we reflect the
graph in Figure 6.33(a) about the polar axis, we will obtain a complete graph of
r = 1 — cos 6. This graph is shown in Figure 6.33(b).

() Check Point 2 Check for symmetry and then graph the polar equation:

r=1+ cosé.

Graphing a Polar Equation

Graph the polar equation: r =1 + 2sin 6.
Solution  We first check for symmetry.
r=1+2sin0

. T
Polar Axis The Line 6 = X The Pole
Replace 6 with —6. Replace (r, 6) with (—r, —0). Replace 7 with —r.

r =1+ 2sin (-6) —r =1+ 2sin (—0) —r=1+2sin6

r=1+2(-sinb) —r=1-—2sin6 r=-1—2sin6

r=1—2sin6 r=-—1+2sin6

None of these equations are equivalent to »r = 1 + 2 sin 6. Thus, the graph may or
may not have each of these kinds of symmetry.
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Now we are ready to graph r = 1 + 2 sin 6. Because the period of the sine func-
tion is 277, we need not consider values of 6 beyond 27r. We identify points on the graph
of r = 1 + 2 sin 6 by assigning values to 6 and calculating the corresponding values of
r. The values for r and 0 are in the tables above Figure 6.34(a), Figure 6.34(b), and
Figure 6.34(c). The complete graph of r = 1 + 2 sin 6 is shown in Figure 6.34(c). The
inner loop indicates that the graph passes through the pole twice.

0 0 T T T 21 S 0 T 4ar 3 0 S 11 5
m K m a0 2m L 1 om Sl 2T 2
6 | 3 2 3 6 6 3 2 3 6 4
Lr [t 2]e2en |3 2|2 1] [r]o0]-07]|-1] lr | —om | o | 1]
: : :
27 T 21 T 2 T
37 3. 3 T 37 30 3 T 3 30 3 T
4. 4 4. 4 4. 4
Sm T Bl T Blus s
6 6 6 6 6 6
q
™ 4 ' 0 ™ 0 ™ 0
2 4 2 4 2 4
Im 1854 Im lim Im Ll
6 6 6 6 6 6
5w Iz 5w Iz 5w Im
E sr L, 5p 4 L. 5p 4
3 3 3 3 3 3
3 37 37
2 2 2
(@) The graph of r = 1 + 2 sin 6 for (b) The graph of r = 1 + 2 sin 6 for (c) The complete graph of
O=0=m 0<9<3l r=1+2sinffor0 =6 =27
2
Figure 6.34 Graphing
r=1+2sin6 Although the polar equation r = 1 + 2sin 6 failed the test for symmetry with
respect to the line @ = 7 (the y-axis), its graph in Figure 6.34(c) reveals this kind of
symmetry. @

We’re not quite sure if the polar graph in Figure 6.34(c) looks like a snail.
However, the graph is called a /imagon, pronounced “LEE-ma-sohn,” which is a
French word for snail. Limacons come with and without inner loops.

Limacons

The graphs of
r=a-+bsinf, r=a— bsinb,
r=a+bcosh, r=a—bcosO, a>0,b>0

.. a . .
are called limacons. The ratio b determines a limacon’s shape.

Inner loop if % <1 Heart-shaped if% -1 Dimpled with no inner No dimple and no inner
. a a
and called cardioids loopif 1 < b <2 loop lfg =2
2 5 K u
T 0o = 0 0o 0
37 37 3 3m
2 5 - 7

@ Check Point 3 Graph the polar equation: r =1 — 2sin 6.
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Figure 6.35 The graph of
r=4sin20for0 =0 =mw
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Figure 6.36 The graph of
r=4sin20for0) =0 < 27

Graphing a Polar Equation

Graph the polar equation: r = 4 sin 26.
Solution We first check for symmetry.
r = 4sin 20

Polar Axis The Line 0 = % The Pole

Replace 6 with —6. Replace (r, 6) with (—r, —0). Replace r with —r.

r = 4sin 2(—0) —r = 4sin 2(—0) —r = 4sin 20
r = 4sin (—26) —r = 4sin (—20) r = —4sin 26
r = —4sin 20 —r = —4 sin 20
. Equation changes
r = 4sin 26 and fails this

Equation changes
and fails this
symmetry test.

symmetry test.

Equation does
not change.

Thus, we can be sure that the graph is symmetric with respect to 6 = g The graph

may or may not be symmetric with respect to the polar axis or the pole.

Now we are ready to graph r = 4 sin 26. In Figure 6.35, we plot points on the
graph of r = 4 sin 26 using values of 6 from 0 to 7 and the corresponding values of
r. These coordinates are shown in the tables below.

o lol Z | Z | =2 | = 2 | 3w | 5w
6 | 4 3 2 0 3 4 6 m
[ ro|o|346| 4 |346| o0 H ro| 346 | -4 | —346 | 0 J

. . T .
Now we can use symmetry with respect to the line 6 = B (the y-axis) to complete

the graph. By reflecting the graph in Figure 6.35 about the y-axis, we obtain the
complete graph of r = 4 sin 26 from 0 to 27r. The graph is shown in Figure 6.36.

Although the polar equation r = 4 sin 26 failed the tests for symmetry with
respect to the polar axis (the x-axis) and the pole (the origin), its graph in Figure
6.36 reveals all three types of symmetry.

The curve in Figure 6.36 is called a rose with four petals. We can use a trigono-
metric equation to confirm the four angles that give the location of the petal points.
The petal points of r = 4 sin 26 are located at values of 0 for whichr = 4 orr = —4.

4sin260 = 4 or 4sin260 = —4

Use r = 4 sin 20 and set r
equal to 4 or —4.

sin 26 = 1 sin 26 = —1 Divide both sides by 4.
T 3 Solve for 20, where n is any
20 = 5 + 2nar 20 = 7 + 2nw integer.
T 37
0 = 4 + nw 6 = a4 + nw Divide both sides by 2 and
solve for 6.
=0,0=" —0,0=37
|fn—0,6—4. Ifn=0,0 4
—1,9=2T -1, 9=17
Ifn—l,0—4. Ifn=1,0 e

Figure 6.36 confirms that the four angles giving the locations of the petal points are

m3msm 41"
4° 47 4° 4
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Technology

The graph of
r = 45sin 20

was obtained using a [—4,4,1] by [—4,4,1] viewing
rectangle and

A/ min = 0, 6 max = 27,

0 step = %

Rose Curves

The graphs of
r=asinnd and r =acosnd, a #0,

are called rose curves. If n is even, the rose has 2n petals. If n is odd, the rose has n petals.

r = asin 20 r = acos 30 r = acos 40 r = asin 50
Rose curve with 4 petals Rose curve with 3 petals Rose curve with 8 petals Rose curve with 5 petals
3 3 3

2
LY
T 0 T 0 T 0
N i
n=2
3

T 3 37
2 2 ¢

@ Check Point 4 Graph the polar equation: r = 3 cos 26.

Graphing a Polar Equation

Graph the polar equation: 1> = 4 sin 26.
Solution  We first check for symmetry.

r* = 4sin 26
The Line 6 = —
Polar Axis ¢ Lmeo = 2 The Pole
Replace 6 with —6. Replace (r, 0) with (—r, —0). Replace r with —r.
r* = 4sin 2(—0) (=r)* = 4sin2(-0) (=r)? = 45sin 260
r* = 4sin (—26) r* = 4sin (—20) r* = 4sin 26
r* = —4sin 20 r* = —4sin 20
Equation does
. not change.
Equation changes Equation changes
and fails this and fails this
symmetry test. symmetry test.

Thus, we can be sure that the graph is symmetric with respect to the pole. The graph

S . . ™
may or may not be symmetric with respect to the polar axis or the line 6§ = Ex
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Now we are ready to graph r> = 4 sin 26. In Figure 6.37(a), we plot points on
the graph by using values of 6 from 0 to — and the corresponding values of r. These
coordinates are shown in the table to the left of Figure 6.37(a). Notice that the
points in Figure 6.37(a) are shown for r = 0. Because the graph is symmetric with
respect to the pole, we can reflect the graph in Figure 6.37(a) about the pole and
obtain the graph in Figure 6.37(b).
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= |

t—*w

o (]

Figure 6.37 Graphing r> = 4sin 20
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(b) Using symmetry with respect to

a) The graph of r* = 4 sin 26 for
The graph of > = 4 sin 26 f
the pole on the graph of 7> = 4 sin 20

Osaszandrzo

Does Figure 6.37(b) show a complete graph of 7> = 4 sin 26 or do we need to
continue graphing for angles greater than ™9 1f 6 is in quadrant II, 26 is in

quadrant III or IV, where sin 26 is negative. Thus, 4 sin 26 is negative. However,
r* = 4 sin 20 and r* cannot be negative. The same observation applies to quadrant IV.
This means that there are no points on the graph in quadrants II or IV. Thus,
Figure 6.37(b) shows the complete graph of r> = 4 sin 26. L

The curve in Figure 6.37(b) is shaped like a propeller and is called a
lemniscate.

Lemniscates

The graphs of
r?=a’sin20 and > = a’cos20, a#0
are called lemniscates.
P = a’sin 20 is r? = a® cos 20 is symmetric

symmetric with respect  with respect to the polar

to the pole. axis, 0 = %, and the pole.

s

2

T 0 0
I
a
37 37
) 2

() Check Point 5 Graph the polar equation: r?> = 4 cos 26.
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Practice Exercises

In Exercises 1-6, the graph of a polar equation is given. Select the

polar equation for each graph from the following options.

r=2cosf, r=1++sinb,
r=23sin20, r = 3sin30

r=2siné,
r=1—-sin0,

1.
2.
3.
37
2
4. z

(9]
wIy

In Exercises 7-12, test for symmetry with respect to

a. the polar axis. b. the line = % ¢. the pole.
7. r =sin@ 8. r=cosf

10. r = 2 cos 20
12. 2 = 16sin 26

9. r=4+ 3cosbh
11. > = 16 cos 26

In Exercises 13-34, test for symmetry and then graph each polar
equation.

13. r = 2 cos 0 14. r = 2sin 6

15. r =1 — sinf 16. r =1 + sin6
17. r =2 + 2cos 0 18. r =2 — 2cos @
19. r =2 + cos b 20. r =2 —sin @
2l. r =1+ 2cosf 22.r=1—2cos6
23. r =2 — 3sinf 24, r =2 + 4sinf
25. r = 2 cos 20 26. r = 2sin 20
27. r = 45sin 30 28. r = 4 cos 30
29. r* = 9 cos 20 30. r* = 9sin 260
3. r=1—3sin0 32. r =3 +sinf
33. rcosf = =3 34. rsing =2

Practice Plus

In Exercises 35—44, test for symmetry and then graph each polar
equation.

0 0
35. r = COSE 36. r = sini
37. r =sin6 + cos O 38. r =4cosh + 4sin 0
39. r = ! 40. r = 2

1 —cosf 1 —cosé
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3sin 260
41. r = sin 6 cos® 6 42, r=%
sin” 6 + cos’ 0

43. r = 2 + 3sin 26 44. r = 2 — 4 cos 260

Application Exercises

In Exercise Set 6.3, we considered an application in which sailboat
racers look for a sailing angle to a 10-knot wind that produces
maximum sailing speed. This situation is now represented by the
polar graph in the figure shown. Each point (r,0) on the graph
gives the sailing speed, r, in knots, at an angle 0 to the 10-knot
wind. Use this information to solve Exercises 45—49.

90°
120° 60°

- 3 Vo
[ NS

0 6 8 10
45. What is the speed, to the nearest knot, of a sailboat sailing at
a 60° angle to the wind?

N

A

180°

46. What is the speed, to the nearest knot, of a sailboat sailing at
a 120° angle to the wind?

47. What is the speed, to the nearest knot, of a sailboat sailing at
a 90° angle to the wind?

48. What is the speed, to the nearest knot, of a sailboat sailing at
a 180° angle to the wind?

49. What angle to the wind produces the maximum sailing
speed? What is the speed? Round the angle to the nearest
five degrees and the speed to the nearest half knot.

Writing in Mathematics
50. What is a polar equation?
51. What is the graph of a polar equation?
52. Describe how to graph a polar equation.
53. Describe the test for symmetry with respect to the polar axis.
54. Describe the test for symmetry with respect to the line
K
0 = X
55. Describe the test for symmetry with respect to the pole.

56. If an equation fails the test for symmetry with respect to the
polar axis, what can you conclude?

Technology Exercises

Use the polar mode of a graphing utility with angle measure in
radians to solve Exercises 57-88. Unless otherwise indicated, use
0 min = 0, § max = 2, and 0 step = % If you are not pleased
with the quality of the graph, experiment with smaller values
for 0 step. However, if 0 step is extremely small, it can take your

graphing utility a long period of time to complete the graph.

57. Use a graphing utility to verify any six of your hand-drawn
graphs in Exercises 13-34.

In Exercises 5875, use a graphing utility to graph the polar equation.

58. r = 4 cos 56 59. r = 4sin 50
60. r = 4 cos 66 61. r = 4sin 60
62. r =2 + 2cosf 63. r =2+ 2sinf
64. r =4 + 2cos b 65. r =4+ 2sin6
66. r =2 + 4cosb 67. r =2+ 4sin6
68.r=,3 69. r = 3
sin 6 cos 0
70. r—cos§9 71. r = cos =6
) 2 ) 2
7. r=3sin(0+z> 73. r:2cos<6—z)
4 4
1 1
74'r_1—sin9 75'r_3—251n0

In Exercises 76-78, find the smallest interval for 6 starting with
0 min = 0 so that your graphing utility graphs the given polar
equation exactly once without retracing any portion of it.

76. r = 4sin 6 77. r = 45sin 26
78. r? = 4sin 26
In Exercises 79-82, use a graphing utility to graph each butterfly

curve. Experiment with the range setting, particularly 6 step, to
produce a butterfly of the best possible quality.

79. r = cos?>50 + sin 360 + 0.3
80. r = sin* 40 + cos 36

81. r =sin’ @ + 8sin # cos® 0
. 0
82. r = 1.5"% — 25c0s 460 + sin7E (Use 6 min = 0 and
6 max = 207.)

83. Use a graphing utility to graph r = sin nf forn = 1,2, 3,4, 5,
and 6. Use a separate viewing screen for each of the six
graphs. What is the pattern for the number of loops that
occur corresponding to each value of n? What is happening to
the shape of the graphs as n increases? For each graph, what is
the smallest interval for 6 so that the graph is traced only
once?

84. Repeat Exercise 83 for r = cos nf. Are your conclusions the
same as they were in Exercise 83?

85. Use a graphing utility to graph r =1 + 2sinnf for
n=1,2,3,4,5 and 6. Use a separate viewing screen for
each of the six graphs. What is the pattern for the number of
large and small petals that occur corresponding to each value
of n? How are the large and small petals related when 7 is
odd and when 7 is even?

86. Repeat Exercise 85 for r =1+ 2cosnf. Are your
conclusions the same as they were in Exercise 85?

87. Graph the spiral r = 6. Use a [—30,30, 1] by [—30, 30, 1]
viewing rectangle. Let 6 min = 0 and 6 max = 2, then
Omin = 0 and 6 max = 47, and finally # min = 0 and
0 max = 8. .

88. Graph thespiralr = —. Usea[—1,1,1] by [—1,1, 1] viewing
rectangle. Let # min = 0 and § max = 27, then 6 min = 0
and f max = 4, and finally 6 min = 0 and § max = 8.



Critical Thinking Exercises

Make Sense? In Exercises 89-92, determine whether each
statement makes sense or does not make sense, and explain
your reasoning.

89. I'm working with a polar equation that failed the symmetry

test with respect to 6§ = %, so my graph will not have this
kind of symmetry.

90. The graph of my limagon exhibits none of the three kinds of
symmetry discussed in this section.

91. There are no points on my graph of > = 9 cos 26 for which
T 3w
— <0< —.
4 4

92. I'm graphing a polar equation in which for every value of 0
there is exactly one corresponding value of r, yet my polar
coordinate graph fails the vertical line for functions.

(Chapter)

What You Know: We learned to solve oblique triangles

a b ) J

sinmA sinB sinC an

Cosines (a®> = b* + ¢? — 2bc cos A). We applied the Law
of Sines to SAA, ASA, and SSA (the ambiguous case)
triangles. We applied the Law of Cosines to SAS and SSS
triangles. We found areas of SAS triangles
(area = %bc sin A) and SSS triangles (Heron’s formula:

area = \/s(s —a)(s —b)(s —c¢),s is % the perimeter).
We used the polar coordinate system to plot points and
represented them in multiple ways. We used the relations
between polar and rectangular coordinates

using the Laws of Sines <

x=rcos0,y=rsine,x2+y2=r2,tan6=%

to convert points and equations from one coordinate
system to the other. Finally, we used point plotting and
symmetry to graph polar equations.

In Exercises 1-6, solve each triangle. Round lengths to the nearest
tenth and angle measures to the nearest degree. If no triangle exists,
state “no triangle.” If two triangles exist, solve each triangle.

1. A=32°B=41°,a=20 2. A=42°a=63,b =757
3. A=65%a=6,b=71 4. B =110°a = 10,c = 16
5. C=42°a=16,c =13 6. a =50,b=72,¢=10.1
In Exercises 7-8, find the area of the triangle having the given
measurements. Round to the nearest square unit.

7. C = 36° a = 5Sfeet, b = 7 feet

8. a = 7 meters, b = 9 meters, ¢ = 12 meters

Mid-Chapter Check Point 685

In Exercises 93-94, graph ry and r, in the same polar coordinate
system. What is the relationship between the two graphs?

93. r; = 4cos20,r, = 4 cos 2(0 - %)

94. r, = 2sin 30,7, = 2 sin 3(9 + %)

95. Describe a test for symmetry with respect to the line 6 = %
in which r is not replaced.

Preview Exercises

Exercises 96-98 will help you prepare for the material covered in
the next section. Refer to Section 2.1 if you need to review the
basics of complex numbers. In each exercise, perform the indicated
operation and write the result in the standard form a + bi.

96. (1 +i)(2 + 2i)

07. (—1 + iV3)(—1 + iV3)(—1 + iV3) 98 22

1+

Mid-Chapter Check Point

9. Two trains leave a station on different tracks that make an
angle of 110° with the station as vertex. The first train travels
at an average rate of 50 miles per hour and the second train
travels at an average rate of 40 miles per hour. How far
apart, to the nearest tenth of a mile, are the trains after
2 hours?

10. Two fire-lookout stations are 16 miles apart, with station B
directly east of station A. Both stations spot a fire on a
mountain to the south. The bearing from station A to the
fire is S56°E. The bearing from station B to the fire is
S23°W. How far, to the nearest tenth of a mile, is the fire
from station A?

11. A tree that is perpendicular to the ground sits on a straight
line between two people located 420 feet apart. The angles of
elevation from each person to the top of the tree measure 50°
and 66°, respectively. How tall, to the nearest tenth of a foot,
is the tree?

In Exercises 1215, convert the given coordinates to the indicated
ordered pair.

12. (—3,57”) to (x, y) 13. (6,—%) to (x, y)
14. (2,-2V3)to (r,6) 15. (—6,0) to (r,6)

In Exercises 16—17, plot each point in polar coordinates. Then find
another representation (r, 0) of this point in which:

a.r>0, 27 <60 <dm. b. r <0, 0<6<2m.

c. r>0 27 <6<0.
5
17 =, =
(2’2)

37
6 ()





